Light can be slowed down to ultraslow speeds v ia electromagnetically induced transparency in atomic BoseEinstein condensates. This is thought to be useful for storage of quantum information for weak probe pulses. We investigate the effects of inhomogeneous density profile of the condensate on propagation of such ultraslow pulses. We find that spatial density of an atomic condensate leads to a graded refractive index profile, for an off-resonant probe pulse when condensate parameters are suitably chosen. Within the window of negligible absorption, conditions for degenerate multiple waveguide modes are determined. Both analytical and numerical studies are presented to reveal the effects of experimentally controllable parameters, such as temperature and interatomic interaction strength on the number of modes. Group velocity dispersion and modal dispersion are discussed. The effect of waveguide dispersion, in addition to usual material dispersion, on ultraslow pulses is pointed out.
INTRODUCTION
At temperatures below the critical temperature of Bose-Einstein condensation, spatial distribution of atoms in optical or magneto-optical traps can be described by a cigar-shaped ellipsoid profile. The ellipsoid consists of a central high-density region, where the condensed atoms lie, surrounded by a low-density thermal gas envelope. In a simple-minded picture, electric susceptibility of the Bose-Einstein condensate (BEC) would be proportional to its density. The refractive index of the central condensate part therefore can be slightly higher than that of the enveloping thermal gas. This situation is then analogous to the case of an optical fiber with a graded-index profile, in which the refractive-index of the central core decreases gradually from center to the core boundary. An important distinction from the fibers is that atomic-condensates are resonant systems while the fibers are nonresonant optical propagation mediums. Exploiting quantum interference 1 in such atomic resonant medium, remarkable optical pulse propagation effects such as ultraslow light, [2] [3] [4] [5] [6] superluminal light propagation, 7-10 stoppage 11 and storage 12, 13 of optical pulses have been discovered. Most of the theoretical and experimental work has been restricted to one-dimensional situations. Dynamics of optical pulses in two or more dimensions has been investigated very recently numerically.
14 The possibility of changing the direction of the probe pulse via a control beam has been examined in detail. Other higher dimensional considerations have also been presented.
15, 16
Higher dimensional considerations may prove useful for quantum information processing and storing in addition to manipulation of classical optical pulses.
In this paper we investigate another effect of higher dimensional pulse propagation in a BEC, hinted by our analogy to optical fibers. The refractive index difference between the core and the cladding in a fiber influences the parameter which characterize the number of modes that can be supported by the fiber. In the case of BEC, condensate-thermal gas index difference is negligibly small unless close to an atomic resonance. In order to exploit the high density contrast between the condensate and the thermal gas to allow for multi-mode optical pulses, it is necessary to be close to an atomic resonance. Due to strong absorption nearby the atomic resonance, optical pulse could not propagate much in this case. In previous theoretical and experimental works, pulse propagation under the conditions of electromagnetically induced transparency (EIT) has been utilized to beat the absorption and manipulate the speed of light. However, in this case, the refractive index of the condensate remains almost the same with the thermal gas. Hence, under EIT conditions BEC acts as an essentially a singlemode medium. Strictly speaking it can support degenerate two polarization modes only. It has been theoretically shown that such polarization modes can be separated by detuning one of the components slightly away from the EIT resonance, at the cost of some absorption.
17
Light storage with light of arbitrary polarization has been demonstrated experimentally. 
DENSITY PROFILE OF BEC
At low temperatures a Bose gas can be considered to be composed of two components. The first component becomes the condensate part and the other is a thermal gas background. A simple analytical fitting formula was developed in Ref.
. 19 We will now briefly review this model, where condensate density is evaluated under Thomas-Fermi approximation and the thermal gas density is calculated semi-classically. 19, 20 The total density is then written to be
where U 0 = 4πh 2 a s /m; m is atomic mass; a s is the atomic s-wave scattering length; µ is the chemical potential; Θ(.) is the Heaviside step function; g n (x) = Σ j x j /j n ; λ T is the thermal de Bröglie wavelength; β = 1/k B T ; z = exp (βµ) is the fugacity, and T C is the critical temperature. The external trapping potential is
with ω r the radial trap frequency and ω z the angular frequency in the z direction. µ is determined from N = d 3 rρ( r). At temperatures below T c this yields
, where µ T F is the chemical potential evaluated under Thomas-Fermi approximation and the condensate fraction is given by
, with x = T /T c , and ζ is the Riemann-Zeta function. The scaling parameter s is calculated to be
Here, a h = h/(ω z ω 2 r ) 1/3 denotes the average harmonic oscillator length scale. At temperatures above the T C , µ can be determined from
3 , where Li 3 (.) is the third-order polylogarithm function. Chemical potential evaluated under Thomas-Fermi approximation is defined as
, N is the total atom number and a h = h/(ω z ω 2 r ) 1/3 denotes the average harmonic oscillator length scale. We have shown the total density as a function of r as seen in the Fig.1 .
We assume an anisotropic trapping potential so that the condensate is cigar shaped. Propagation of the probe beam would be along the long axis of the condensate taken to be the z-axis. The susceptibility of the medium will be spatially inhomogeneous due to its proportionality to condensate density. Considering cross-sections perpendicular to the z-axis, we observe that in the radial direction, the susceptibility of the Bose gas will be analogous to that of a graded index fiber. Inhomogeneity in the propagation direction would be over longer length scale. Thermal gas background here plays the role of the fiber coating while the condensate acts as the core. At lower temperatures compared to T C , the index profile approaches to step-index profile. Number density of the medium can be written as the superposition of two contributions by the condensate and the thermal gas background. A simple analytical fitting formula developed in Ref.
. 19 At temperatures well below the T C thermal gas density can be ignored. The radial behavior of the total density at z = 0 becomes
SUSCEPTIBILITY OF BEC
One can calculate susceptibility via local density approximation. We determine the electric susceptibility χ of BEC consisting of such three-level atoms in EIT scheme and refractive index enhancement scheme. If we obtain electric susceptibility χ 1 of an single atom, we can find the susceptibility of the system; We calculate the refractive index by the formula n = √ 1 + χ. If we write the susceptibility again, we will obtain
where R T F is the Thomas-Fermi radius which is defined as 2µ(T )/mω 2 r . Here A depends on susceptibility of the atomic systems. We denote the refractive index, n(r) as
where 2 = (n
The refractive index is shown in the Fig.? ? for some numerical parameters.
EIT is a technique for making cancellation of induced absorption to weak probe field tuned in resonance to an atomic transition by applying a strong resonant electromagnetic field to couple coherently another atomic transition.
1 In this scheme, it is assumed that the only dipole forbidden transition is the one between the lower levels. The upper level is coupled to the lower levels via a strong drive field with frequency ω c and a weak probe field of frequency ω p . Susceptibility χ for the probe transition can be calculated as a linear response as most of the atoms remain in the lowest state. Assuming local density approximation, neglecting local field, multiple scattering and quantum corrections and employing steady state analysis χ is found to be
where ∆ = ω 31 − ω p is the frequency detuning of the probe field with frequency ω p from the resonant electronic transition ω 31 . For the cold gases considered in this paper, Doppler shift in the detuning is neglected. It is assumed that the drive field is at resonance. Ω c is the Rabi frequency of the drive field; µ 31 is the dipole matrix element between states |3 and |1 which can also be expressed in terms of resonant wavelength λ 31 of the probe transition via µ 2 31 = 3 0h λ 3 31 γ/8π 2 with γ is the radiation decay rate between |3 and |1 . Γ 2 and Γ 3 denote the dephasing rates of the atomic coherence between the appropriate states. ρ stands for the atomic density. 
LIGHT PROPAGATION AND MODE DISPERSION
We use the cylindrical coordinate system because the refractive index profile n(r) is cylindrically symmetric. If we take transverse component of the linearly polarized electric field of the (LP) modes as in Ref.
Here l, m = 0, 1, 2, 3, ... , φ is the absolute phase and β lm is the propagation constant in the z direction. The wave equation for the field vector field E t is:
where k 2 = ω 2 n 2 /c 2 and ∇ 2 is the Laplacian operator in the cylindrical coordinate. The relationship between angular frequency and wave number (propagation constant in the radial direction) is:
Here the radial wave number q 2 = k 2 x + k 2 y and β lm is the propagation constant in the z direction. If we put Eq.7 in the Eq.8,we will obtain:
in which p
22 Since the refractive index does not vary appreciably over the distance on the order of one wavelength, WKB approximation may be used for solving the graded-index BEC. 22 In this approximation ψ(r) is generally taken in the following form in order to solve Eq. (10) ψ(r) = e iS(r) , where S(r) is a complex function of r. Applying the Bohr-Sommerfeld quantization rule to the p(r), 26 the mode becomes
Here k 0 = 2π/λ and m = 0, 1, 2, 3, .... The mode condition can be solved analytically for the propagation constant β lm . If we solve Eq. (11),we obtain the propagation constant β lm which is defined as
where K = (|l| + 2m + 1). The propagation constant β lm , depends on the frequency of the light. This frequency dependence determines the dispersion of the waveguide. Optical pulse waves can be dispersive because of the material used as the graded-index fiber. Propagation constant is defined in terms of mode index β lm = n lm k 0 = n lm (n 1 , n 2 , ω)ω/c. The group velocity v g is defined as
Here, the first two terms in the square bracket are the contribution from material dispersion, the third term is waveguide dispersion. 22 Therefore the group velocity is characterized by
Here c is the speed of the light in the free space.
RESULTS AND DISCUSSIONS

Conditions for single-mode and multi-mode wave propagation through a Bose-Einstein condensate
Under EIT conditions, in Eq.14 when we compare waveguide dispersion with the material dispersion, material dispersion is much bigger than the waveguide dispersion, therefore we can neglect waveguide dispersion term. Mode index n lm is equal to 1.01968 under EIT scheme, so we can take it as 1. Above existing circumstances, the group velocity becomes,
We illustrate the group velocity as a function of K at the temperature T = 42nK in Fig.? ?. We calculate the group velocity for the eit condition under some numerical parameters; n 1 = 1.01968, 2 = 0.2, R T F = 21.1µm and k 0 = 1.07 × 10 7 (1/m) . The group velocity is v g = 29.9m/sec for the single mode under eit condition. As seen in the Fig.? ? group velocity increases with the mode number K which is defined as (|l| + 2m + 1). The normalized frequency which determines the maximum mode condition is computed from definition V = 45.
Under EIT conditions, if we compare imaginary and real parts of the susceptibility;imaginary part χ of χ is very small. We consider a gas of N = 8.3 × 10 6 23 Na atoms for which M = 23 amu, λ 0 = 589 nm, γ = 2π × 10.01 MHz, Γ 3 = 0.5γ, Γ 2 = 2π × 10 3 Hz, and a s = 2.75 nm. For the parameters of the trapping potential, we take ω r = 2π × 69 Hz and ω z = 2π × 21 Hz as in Ref.
. 4 The coupling field Rabi frequency is taken to be Ω c = 2.5γ. For these parameters we obtain χ = 0.04 and χ = 0.0006. Detuning parameter is obtained for the single mode condition, ∆ = 0.1γ where γ = 6.29 × 10 7 1/sec. We have modelled Eq. 1 and we obtained peak density for the atomic density which is denoted as ρ 0 = 1.59 × 10 20 (1/m 3 ). The normalized frequency V is defined as
1/2 . The parameter V determines the number of mode supported by the fiber.The refractive index is defined as n 1 = (1 + χ) 1/2 . In practice the parabolic-index profile is truncated at the core boundary r = R T F . We find a confined mode description for the propagation constant,β, k 0 < β < n 0 k 0 . The subscription is
where
The lowest value of the k 0 R T F √ A is 9.2 at temperature 428.4nK. 2 is displayed and LP00 is proportional with ψ00. x and y are normalized by R = 3µm. 
Mode Patterns
More accurate results may be obtained using a numerical scheme. For that purpose it is assumed that the index of refraction increases incrementally from the edge to the center of the core. If the number of increments is high enough, this model will be a faithful representation of the conditions prevailing in the inhomogeneous core.
If the turning point is in the interval m then the solution of the wave equation in the interval i < k will be
Where J l , Y l are Bessel functions of the first and second kind of order l. q i is ω 2 n 2 i /c 2 − β 2 . n i is the index of refraction in the interval i. For i > k, the index of refraction is lower than that of the turning point and accordingly the solution of the wave equation becomes ψ = A i I l (q i r) + B i K l (q i r) where I l , K l are modified Bessel functions of the first and second kind. In that case q i is −ω 2 n 2 i /c 2 + β 2 . The boundary conditions are B 0 = 0 (The wave is bounded at the origin) and A N +1 = 0 (the wave does not diverge at infinity.) Electromagnetic boundary conditions for the graded index media re1quires the function ψ and its radial derivative to be continuous. This continuity provides a recurrence relation between successive coefficients A i , B i . For i < k the recurrence relation is more stable for increasing m. The coefficients A k and B k at the turning point may be calculated from A 0 or alternatively they may be derived from B N + 1. In both derivations the ratio A k /B k must have the same value. The preservation of this ratio provides an equation for the wave number β. Our typical results are given in Fig. 5 and Fig. 6 . A comparison of WKB method and the numerical treatment is presented in Tables (2) and (1). 
CONCLUSION
We have modelled Bose-Einstein condensate as a graded-index fiber. We have discussed light modes of the Bose-Einstein condensate in the graded index fiber. We find the propagation constant β lm in the z direction by WKB approximation and by numerical methods. Also we find mode subscription which is shown in the Eq.16. Radiuses for the single and two mode condition are analytically calculated. We have examined optical mod numbers that can be supported by atomic Bose-Einstein condensate(BEC). We have shown that, the number of modes supported by the fiber depends on temperature. Under EIT conditions BEC acts as an essentially a single-mode medium. But many modes whose group velocities are very small have been obtained with acceptable absorption. Using EIT, we have examined group velocity. It depends on mode number K.
Moreover, we have numerically examined optic modes and propagation constant in the z direction in the graded-index fiber. Our results show that propagation constant β is approximately same as that predicted by the analytically calculations with WKB approximation. For optical communication purposes graded-index profile is important due to its mode dispersion properties. In order to enhance quantum information and storage, three dimensional considerations may helpful.
